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1 Introduction 



An outstanding problem in studying extremal black holes in string theory and their 
relation to conformal field theories is to get a precise microscopic description of four- 
dimensional black holes with D6-D4-D2-D0-charges obtained by compactification of type 
II A string theory on a Calabi-Yau three- fold X. The charges are due to D-branes 
completely wrapped on non-trival cycles of X. For generic charges one expects this 
black hole geometry to be dual to some conformal quantum mechanics on the boundary 
of the near horizon AdS2 geometry. 

For vanishing D6-charge the geometric entropy of such black holes can be given a mi- 
croscopic understanding upon lifting this solution to M-theory. From the M-theory 
perspective this class of black holes are obtained by wrapping M5-branes with fluxes 
and momentum along the M-theory circle on a four-cycle in X. The corresponding near- 
horizon geometry is dual to some 1-dimensional conformal field theory which lives 
on the dimensionally reduced five-brane world volume [ij. This observation allowed the 
authors of [1] to derive the asymptotic degeneracy of states using standard methods of 
conformal field theory. Upon compactification to IIA theory the near horizon geometry 
obtained is AdS2 x S"^ . For this model a candidate for a dual quantum mechanics for 
the D4-D0 black hole has been proposed [2] in terms of the degrees of freedom of probe 
DO-branes in this background (see also [3111] for related discussions). 

Lifting a black hole solution with D6-charge to M-theory one obtains instead a Calabi- 
Yau compactification to a Taub-NUT geometry with fluxes [5j . While for large distances 
compared to the size of the asymptotic Taub-NUT circle these black hole geometries are 
effectively four-dimensional, the M-theory circle near the horizon is proportional to the 
size of the horizon so that the M-theory perspective is more appropriate. Essentially, 
the near horizon geometry is a flve-dimensional spinning black hole sitting at the center 
of the Taub-NUT geometry. This 4D-5D connection has been exploited in [5] to relate 
a certain partition function of a class of four-dimensional black holes to that of five- 
dimensional black holes. The near horizon- geometry in five dimensions is essentially 
AdS2 X S'^ /'EpO. Consequently for non- vanishing D6-charge the problem is not directly 
related to a 1-|- 1-dimensional CFT0. 

On the other hand it appears that supersymmetric probe branes in the near horizon 
geometry play a role in understanding the dual quantum mechanics and the black hole 
partition function. They can be thought of as the "constituents" of the black hole in 
question. The asymptotic degeneracy of the electric consituents in the background fiux 
geometry supported by the magnetic charges accounts for the black hole entropy in some 
cases O 3]. For instance it has been shown in [2] that the ground state degeneracy of 
DO-branes in a D4-brane fiux background reproduces the correct asymptotic degeneracy 

^In fact it has been argued in [B] that black holes with D6-charge are related through a chain of string 
dualities to BPS states without D6-charge. A similar relation was also conjectured in [7] based on 
an embedding of space-time in the total space of the C/(l)-gauge bundle over near horizon geometry 
of the black hole. It would be interesting to see how these two approaches are related. 
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for D4-D0 charge black holes. Here the relevant Hamiltonian is the one of conformal 
quantum mechanics on the moduli space of DO-branes in the flux background. An 
important subtlety is though that the appropriate Hamiltonian appears to be that which 
generates translation in "global" time rather than Poincare time which coincides with 
asymptotic tim^. The dominant contribution to the entropy comes from DO-branes 
bound to two-branes wrapping the horizon of the black hole. 

On another front it has been shown [9j that the elliptic genus of the (0, 4)-CFT ^ dual 
to black holes with D4-D2-D0-charge has a dilute gas expansion dominated by multi- 
particle chiral primaries which are just the stationary M2 (and anti-M2) branes in global 
AdSa-coordinates, wrapped on holomorphic curves in the Calabi-Yau and sitting at the 
center of AdSs. This provides a derivation of the OSV-conjecture relating the mixed 
partition function of the black hole to the square of the topological string partition 
function [10] . 

The purpose of the present paper is to prepare the ground for extending the above- 
mentioned results [21 19] to black holes with D6-charge by describing the supersymmetric 
probe branes in D6-charge backgrounds. Of course, in this case we do not have a 
known "parent" 1 + 1-dimensional CFT to compare the probe-brane degeneracies with. 
Nevertheless one can hope that understanding the degeneracies of these states will give 
some insight about the underlying microscopic theory. In Section 2 we will describe the 
eleven-dimensional near horizon geometry of a 4D black hole with generic D6-D4-D2-D0 
charge. While the full space-time geometry of a generic black hole with D6-charge is 
a solution of five-dimensional N = 2 supergravity with n„ — 1 vector-multiplets, the 
attractor mechanism ensures that its near-horizon geometry is equivalently described 
in terms of = 2 supergravity with just one vector multiplet - the graviphoton, i.e. 
minimal supergravity in five dimensions. A classification of the solutions of minimal 
supergravity in five dimensions can be found in [11]. This property simplifies the task of 
finding the relevant Killing spinors for these black holes. In Section 3 we obtain the near 
horizon killing spinor in global coordinates and analyze the K-symmetry for stationary 
probe branes in global time along the lines of \\.2\ 113] . In particular we find BPS two- 
branes wrapped on a holomorphic two-cycle in the Calabi-Yau. These correspond to 
the zero-branes found in [13] and have the right properties to be the relevant degrees of 
freedom for deriving the OSV-relation for black holes with D6-charge. In addition we 
find BPS five-branes which wrap either a holomorphic four-cycle in the Calabi-Yau and 
an in space-time or wrap the horizon /'EpO completely and a holomorphic two-cycle 
in the Calabi-Yau. These may play a role analogous to the horizon wrapped two-branes 
for D4-D0-black holes [2]. We plan to report on these issuses in subsequent work. 



^The Poincare-Hamiltoinian has a contionus spectrum with no ground state as a consequence of the 
incompletness of classical dynamics in Poincare coordinates (Sj. 
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2 Near Horizon Geometry of D6-D4-D2-D0 Black Holes 



In order to be self-contained and to fix the conventions we first review the relevant static 
half BPS solutions of four-dimensional N = 2 supergravity with vector multiplets 
|14j . The general stationary BPS configurations were derived in [151 IT6| I17j . We then 
describe the lift of these solutions to five dimensions [5] and determine the near horizon 
geometry for a given set of four-dimensional charges. 

We consider static single-centered BPS solutions in four dimensions. These solutions are 
characterized by their asymptotic magnetic and electric charges {p^ ,qi), I = 0, . . . 
and their asymptotic moduli. As such they are completely determined in terms of 2n^-|-2 
real harmonic functions on K,^ 

H'(r) = h' + ^, Hj{r) = hi + ^, (1) 
r r 

subjected to the condition 

p^hi-qih^ = 0. (2) 



The corresponding metric is given by 



The function S can be expressed as 



5 = 2^V^0Q3 _ (^02,)2 ^ (4) 

with 

Hp H^Ha CabcH^H^H^ 
2 2m 6(if0)2 

Q^/^ = \cABcy^y^y'' . (5) 

Here ^, -B, C E {1, . . . , n^} and y"^ are implicitly determined by the equation 

CABCv'y^ = 2HA + ^^^^§P^. (6) 

The gauge potentials are determined again by the harmonic functions and S{r) ^ 

1 (99 

A\^) = ^-^dt + A\ d^^ = *3di^^ (7) 

To complete the four-dimensional description of generic D6-D4-D2-D0 attractor black 
holes we give the complex scalar fields 



i dS 



= . (8) 
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As mentioned above for generic values of these charges the string couphng becomes large 
in the near horizon regime. To allow for a unified description for generic charges we now 
give the lift of these solutions to five dimensions. For a nice discussion of this lift see for 
example [18]. 



The five dimensional metric is given by 

d4) = 22/3v2(dV^ + 4^)2 + 2-V3v-id4) (9) 
= -(22/3Q)-2(dt + 2L(dV^ + + (22/3Q)(i_(dV; + Ay + H^dx") , 

with 

1/3 g 



2ttH^Q ' 

The four and five dimensional gauge potentials are related by 

A / ttA 



(10) 



where we introduced the five dimensional scalars 

.A 



They obey the relation 



jCABcV-^F^yC = 1 . (13) 

D 



Let us now take the near horizon limit, r <^ of the five-dimensional solution. 

For this we define 



a = - 

r 



dnl = d0Vsin2M(/>V(d^/p° + cosM(^)^ 
i?Ls = lini (22/3i/0Qr2) , (14) 

Y,^ = hmy^. 
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Then, rescaling t appropriately (denoted again by t) we obtain [19] 



d^h = ^Ads (7 + ^(d^// + cos ' + ^ + dnij , (15) 

\/3 „ /dt ,,,,,, 



^ = ^RAds + J(dV/p' + cos edcj))j . (17) 

The near horizon geometry depends on three parameters: the D6 charge p^, the AdS2 ra- 
dius i?AdS which is determined by the value of Q at the horizon and the five-dimensional 
angular momentum J. These are also the quantities that appear in the Beckenstein- 
Hawking entropy. In other words, as pointed out in [5] (see also [20]) the Taub-NUT 
fibration, which interpolates between the four-dimensional and the five-dimensional ge- 
ometry gives a simple geometric representation of the entropy formula for the 4D-entropy 
of D6-D4-D2-D0 black holes based on special geometry [21]. For J ^ 1 a closed light-like 
curve develops. This singular limit has recently been analyzed in j[7]. 



3 Global Coordinates and Half BPS-Branes 

Next we introduce global coordinates. For this we start with the expressions ()15p and 
p!7|) for the metric and gauge field respectively and change coordinates as (sini? := J) 

cos B cosh X sin r 



cosh X cos T -|- sinh x 

cosh X cos T -|- smh x 
^poinc ^ ^ + 2tanStanh-^(e-'^tan(^)). 



The metric and field strength of the graviphoton then take the form 

ds(5) = i?Afig(— cosh x^T + dx -|- (sin i? sinh xdr — cos -BcJs) + d^}2) , 

F = — i?AdS (cosi?coshxdx A dr - sini?sin6'd0 A d(?!)) , (19) 

where dfi^ the line element of the unit two-sphere and 

£73 = dip/p^ + cos ( 



It is straightforward to lift this near horizon geometry to eleven dimensions. The lifted 
geometry is a direct product of the five-dimensional space and a Calabi-Yau three-fold 
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X with Kahler form Y^loa where to a G H^iX,Z) is a basis. The three-form C'^' in 
eleven dimensions is proportional to the wedge product of the gauge field (jl7p with the 
Kahler form. The Killing spinor equation in eleven dimensions is given by 



288 V *^ ~ ) ^NiNiNaNi 



V, 



Vm = dM + ^ujMABT^^ and G = dC^l , (20) 

where the capital indices run from zero to ten. The Killing equation on the Calabi-Yau 
is solved by the covariant constant spinors ri± on the Calabi-Yau. We have chosen the 
following conventions: the 7-matrices on the X w.r.t. an orthonormal frame we denote 
by />' with = 25'J. The spinors r]± obey the relations 

P{7)V± = ±V± , 
PiV+ = 0, PiV- = , (21) 

where i and i are indices w.r.t. complex coordinates on X. The 7-matrices of five- 
dimensional space w.r.t. an orthonormal frame we denote by 7'* with 1^01234 _ such 
that the eleven-dimensional 7-matrices read F'* = 7° /J(7) and F' = 1 p'. 

With a convenient choice of the fiinf-beine 

= cosh xdr, = dx, 

= de, e^ = sm9d<J), (22) 

,4 



e 



cos B f — ^ + cos Odcp] — sin B sinh xdr . 
VP / 



the five-dimensional part of the Killing equation becomes 
= d^e, 

0,j> + - cos B sin 6*7^^ - - cos 6*7^^ + - sin B sin OY 

= - ^ cos S734-I sin 573^6, (23) 

/I 1 i 

= ( ^ 2 ^™ ^ ^^^'^ X7^^ ~ 2 ^^'^ /t7°^ ~ 2 '^o^'^ X cos -67"'^ 



= (d^-^ sin 57°^ + ^ cos ^7°^ 



These equations are solved by (see also [13] ) 

e = 'S'(5,X,T",6',</')eo , 
SiB,x,r,e,<p) = e-^2Bi\-^,xi\ir,^^^e,^\\^i'' (24) 

and eo is an arbitrary, constant four-component spinor. 
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In the following we classify the stationary super symmetric probe branes in this back- 
ground. This implies in particular that they are static in AdS2, i-e. x = but allows for 
M2-branes orbiting around the three-dimensional horizon as well as M5-branes partially 
or fully wrapping the horizon. 



3.1 Half BPS M2-Branes in Global Coordinates 

We begin with the set of stationary, supersymmetric M2-branes wrapping a holomorphic 
two-cycle in X. The K-symmetry condition is [22] 

Te®?? = e<E>r] (25) 

with 

1 diX^ 

-el^a ® il , (26) 



where we have assumed that the M2-brane has positive orientation. The hatted indices 
are the world-volume coordinates and /i-^ is the pull-back of the space-time metric to 
the world- volume. The second line is expressed in static gauge X^ = 1. 

Let us first consider the case where the two-brane sits at fixed 9 and (p but rotates in 
the (j) direction. For 7^ ±1 the BPS condition can never be satisfied. For = 1 we 
have y^|/ioo| = | cos(i?) sinh(x) + sin(i?) cos(0)| and 

diX^ 

Fz-o) := — 3 — e"7a = — cosh xt" + sin ^7'^ — sin i? sinh + cos i? cos (27) 
At ^ 

and 

S^^T^Q^S = cosi3coshxcosT(— 7" + 7^) + i(cosi?sinhx + sini?cos6')7*^^ 

+i cos B cosh X sin ''"(7"^'^ — 7^^) — i sin B sin 0(cos ^7*^^ — sin (f)^^"^) 
+i sin B sin 6 (cos ^7^^ - sin (^7^^ ) . (28) 

Requiring the K-symmetry condition be independent of r implies 

7°^eo = -eo . (29) 

Furthermore if the latter condition is fullfilled we have 

FeOr/ = ( ^^^j^e] ® rj = e ® 7] (30) 
Vv/ioo / 



which is just the BPS condition (j25p . These solutions correspond to the zero branes 
found in |13j . Note that this brane is also BPS for = 1 while sitting at the north pole 
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9 = on the base S'^. This does not mean that this brane is static. Indeed, as the velocity 
along the fiber is given by ip/p^ + cos 0(f), this configuration is geometrically equivalent to 
that with (/) = and ip = which is a trajectory along the fiber of the /S^/ZpO -bundle, 
i.e. a "great circle" on S^fEpO. If we assume instead that (j) = const, 9 = const, then 
ip = necessarily and the BPS condition reads 

[-cos(0)7°^ + sin(0)(cos((/.)7°3 -sin((/.)7°2)]eo = eo . (31) 

So the M2-brane can move along the fiber with constant velocity p^ and sits at any point 
of the base space The condition ([311) reduces to for 9 = 0. 

For ip = 0, (j) = (pQ {(j) = (pQ + n) constant and necessarily 9 = 1 {9 = —1) the BPS 
condition becomes 

(cos(</.)7'° + sm{<Ph^^)eo = eo. (32) 

Geometrically, this is the case where the M2-brane moves along a meridian of the base 
S'^ with constant velocity one and does not move along the fiber of the S^/ZpO-bundle 
over S'^. 

To summarize, an M2-brane on C2 is BPS if and only if it rotates with unit angular 
velocity on the covering space S^. For x = they describe uncharged null-geodesics on 
S^, while for x > the M2-branes are charged and follow a time- like trajector}jl. The 
rotation is required to stabilize them at fixed x- This interpretation is compatible with 
the four-dimensional analysis in where it was observed that existence of static half- 
BPS branes requires that the symplectic product of the charge vector of the probe brane 
with the background charges does not vanish. Let us consider rotation along the fiber 
first. Then, since the above results for the wrapped M2-branes are independent of B we 
can consider vanishing B. In this case the non- vanishing of the symplectic product in 
four dimensions requires that the two-brane rotates along the fiber. Invoking rotational 
invariance on we then conclude that rotation along any geodesic circle of the 5"^ will 
lead to a half BPS-state. 

Note also that a M2-brane sitting for example at 9 = and rotating in the fiber with 
tp = p^ preserves the same supersymmetry as an anti-M2-brane (i.e. negative orientation) 
at = vr and tp = p^. Thus these branes are mutually BPS. This property makes them 
natural candidates to extend the observation of [9] to black holes with D6-charge. 

3.2 Half BPS Five-Branes 

We now consider stationary M5-branes which partially, or fully wrap the horizon of the 
five-dimensional black hole. The remaining dimensions of the five-brane are wrapped on 
a holomorphic cycle in X. 



^See [13] for a detailed analysis of the corresponding Born-Infeld action. 
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3.2.1 M5 on C4 X y 



Since the pull back of the RR-field strength, dC'^l , to the world- volume of the five-brane 
vanishes, we can consistently set the world- volume three-form field strength F"''^'^ to zero. 
We will assume that the five-brane is wrapped holomorphically on C4. Then the CY-part 
of r is just —1 [12], so that 



^ ^dbcdef p 



1 e^hx^'^X'' „ ^ 



2Vh da^da^ 



elel^ab ® 1 • (33) 



The generic situation can be understood by distinguishing three different 5^-wrappings: 
i) Y = {t,9): here 



\l cosh^ (x) - sin^ {B) sinh^ (x) . (34) 
We then conclude that the brane is BPS (Fe = e) for x = provided 

e-¥^^-^^Q^e^<t>^^-'eo = -eo. (35) 

There is no condition on B and il). This brane wraps a geodesic circle in the horizon 

and is uncharged w.r.t. background fluxes. 
a) Y = (r, (j)): For i? = and X = the brane is BPS for all values of 9 provided 

704^0 = -eo ■ (36) 

In this case the brane wraps a geodesic in S'^ jTL^o and is uncharged. For B ^ the 

brane is BPS only for x = and ^ = f with 70460 = — eo- 

in) Y = (r, -0): here the brane is BPS for x = and B = provided 

g-i0723g-|e734^g^gi9734gi<^723gp = -eo- (37) 
There is no solution for B ^ 0. 

To summarize, a M5 on C4 x y is BPS provided it wraps a maximal geodesic circle 
in the squashed horizon, S'^/ZpO. From the ten-dimensional perspective these results 
may be interpreted as follows: An M5-brane wrapped along the 5^ base becomes an 
NS5-brane in ten-dimensions which is clearly uncharged and therefore static at x = 0. If 
the M5-branes is wrapped along the S^-fiber instead, this will become a L'4-brane with 
charge vector aligned with that of the background. This brane cannot be static in global 
time unless the background flux vanishes, i.e. B = 0. Note that the absence of static 
branes wrapped along the flber does not exclude stationary branes. Indeed for rotation 
in the (j) direction, ^ = ±1, we have 

r = — p [cosh X cos Bjo4 lb sin 9 cos i?734] (38) 
Vh 
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with 

Vdet h = ^J cos2 ^(sinh^ x + cos^ 6) . (39) 
The BPS condition is then given by 

7°^eo = =Feo , 

sinh X = T tan B cos 9 . (40) 
These solutions correspond to rotating BPS configurations found in [13]. 

3.2.2 M5 on Ca x 

The induced metric /i^g is in this case 

/-cosh2(x)+sin2(5)sinh2(x) - sin(5) sinh(x) cos(5) cos(0) _ -HB)smhO,)cos(B) ^ 
10 

„2/ 



-sin(5)sinh(x)cos(5)cos(0) sin^ (0) + cos'^ (6) cos^ (B) cos(e)cos (B) 

. sin(B)smh{x)cos(B) p. cos(6») cos2(_B) cos2(_B) 
V ]P " ^0 (j,0y2 J 

and 

= I cosh(x) cos(5) sin(0) /p° | . (41) 

We will again assume that the brane is wrapped holomorphically on C2 so that the 
CF-part of r is 1 (gi i/9(7) . 

For i? = we then have 



1 e^^^'^dXf^dX^'dXPdX^ a b c 
r = -rrjt , ^- e1eypeiVabcd{t®iPi7)) (42) 



J) „c „d - 

170234 ® /0(7) 



SO that the brane is BPS for x = and (^70234 "X" P(7))(eo ® "?/) = eo ® ^• 

Next we consider the possibility of non-vanishing world-volume three-form flux F"'^'^ 
corresponding to M2-branes wrapping C2 and bound to the M5-brane. For this we write 

F = -/e2 Ae^ Ae^-/*«(e2 Ae^ Ae^). (43) 

Here / is proportinal to the number of two-branes. Note that e°, a = 2,3,4 are the 
viel-beine on the unit three-sphere, not the three-sphere with radius i?AdS on which the 
world volume is wrapped and which determines the induced metric relevant for the *^ 
operation. Thus 

(e^ A A e^) = Y^f^e^ A A e^ (44) 



where e is as in (I23|) and and e'' are the zwei-beine on C2 with unit volume. Since 
in the supergravity approximation ^^i'^^'' « 1 we can neglect the last term in 
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With this in mind we will now analyze the K-symmetry condition. We find the represen- 
tation of [23j most convenient. Adapting the corresponding projector T to our situation 
we get 

r = ^ ( ^=€^''^^^h-f,-j.f 

1/2 WVd^ "^"'^'^ 2-3! '''''^ 

^ ( «70234 ® P(7) + ^/7234 ) • (45) 

The BPS condition Fe = e then implies that |/| = 2tanh(x) with 

f«7o234eo = eo and p(7)?7 = r? for / > 
\^7o234eo = -eo and p(7)?7 = -r/ for / < 0. 

Upon double dimensional reduction along the fiber of S^/'ZpO to ten dimensions we get 
a D4-brane with 

F'ah = F^ai (47) 

which in turn is SUSY according to |12j . 



(46) 



Let us now analyze the case with non- vanishing four-brane fiux B ^ 0. We make the 
Ansatz 

F = 5 e° A A (48) 
The K-symmetry projector becomes 

„ 1 / 1 



(50) 



f ^70234 O P{7) - ^57023 • (49) 

The BPS condition then implies x = and 

fi7o234eo = eo , P{7)V = V = tan{B) or 

\i70234eo = -eo , P{7)r] = -V h = - tan(5) . 

We note in passing that the value of g is not fixed by the equation of motion since F, 
as in (|48p . is a solution of the homogeneous equation d*F = 0. On the other hand 
the killing spinor depends on C'^^ through (j24p and thus g is fixed by the K-symmetry 
condition ([SH]) . 

If both, / and g are non-vanishing the K-symmetry projector takes the form 

r = , = ( «70234 ^ P(7) + \{fl2M - 57023) ) • (51) 



or 

(52) 



and the BPS-condition reads 

N7o234eo = eo , P(7)?? = , \g = tan(S), \f = , 

\i70234eo = -eo, P{7)V = -r], y = -tan{B), \f = - ^^osB^ • 

Thus a static M5-brane wrapped on the horizon and a two-cycle in X with M2-branes 
on C2 bound to it is BPS for certain values of x- 
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4 Conclusions 



We have constructed supersymmetric probe branes, stationary in global coordinates 
of the eleven-dimensional near-horizon geometry, of a generic four-dimensional, single- 
centered attractor black hole. The motivation for this study came from the success [21 19] 
in approximating the black hole partition function by a dilute gas of non-interacting 
probe branes in the near horizon geometry of attractor black holes without D6-charge. 
Our results should provide the necessary ingredients for extending this approach to 
include D6-charge as well. In particular, we expect the M2-branes found here to be 
relevant for understanding the OSV partition function in the presence of D6-charge. 
Similarly the horizon wrapping M5-branes should contribute, as collective excitations, 
to the partition function of the conformal quantum-mechanical system dual to the AdS2 
near horizon geometry. 
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